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Problem 1: Molniya orbits

The quadrupolar deformation of Earth (/;) gradually changes the argument of perigee
w of Earth Satellites. For some communication satellites this is energy inefficient as
constant orbit corrections would be required with station-keeping thruster burns. But
our Russian colleagues figured out a smart way of placing satellites into some peculiar
frozen orbits: the Molniya orbits. Let us characterize them.

a) Consider the gravitational potential:

o(r) = - IMe [1 —J, (%)2132(608 I)] (1)

r

where I is the Satellite’s inclination relative the Earth’s equator, J, ~ 1073, and P»(z) =
%(39&2 — 1) is a Legendre polynomial. Write down the orbit-averaged Hamiltonian in
terms of the Delaunay momenta: L, G, H.

We can rewrite the given potential as

o(r) = ~ GMg n GMg JoR% (3 cos® I — 1)
r 903

H=Hx+H

Then the orbit-averaged Hamiltonian is just

B B GMg JoR%(3cos? I — 1) B GMg JoR2 cos? [ 1
(H) = (Ha) = < 2r3 N 2 3 r3 A\
From the [SIMA Lectures we know that
cos® I\ sin® I
r3  2a3(1 — e2)3/2

11
3/ a3l —e2)3?

Then replacing these expressions into our Hamiltonian we get
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GM,J,R2,

(H) = TaB(1 _ B (3sin® I — 2)

To write this in terms of the Delaunay Momenta, we remember that

L=+vGMa G=LV1—e2 H =G GcosI

(@)
‘- ()

H\’
in?l=1-cos’I=1- (=
Sin COS G

e ()

GMg

Then

Hence we have

_ (GMg)" SR,
413G5
b) Use Hamilton’s equations to determine the critical inclination at which the Satellite

does not precess: w = 0.
We know that Hamilton’s equations are:

(G* - 3H?)

d_L . _aHsec
. o
dG  OH.
dt Oow
dH — OHq.
da 00

Then we know that
dv  OH,. (GMg)' LR% 8 (G*—3H?)

d):—:

at oG AL oG G5
Then
(@M RRY (3 HP\ _3(GM) MR (HP
B 413 e GS ) AL3G* G?
To determine the critical inclination, we rewrite the expression as
, 3(GMg)! J,R2 )
= 5 I—-1
Y= TG o) PG pal — ) O 1)
Mg)'""? J,R2,
3(GMe) 2 (5 cos’ I — 1)

4a7/2(1 — e2)?



Then the critical inclination at which the Satellite does not precess is

1
I =cos™! \ﬁ = 63.4°
COS ( 5)

c) The Molniya orbits have a high eccentricities (assume e = 0.74) to maximize the
time-coverage of one Hemisphere, spending little time in the opposite hemisphere.
Its sidereal period is 12 hours. Compute the rate of change of the longitude of the
ascending node () in degrees per day.

In this case, we are looking for

q_ 9 _0He (GMs)' bR 0 (G°—3H’)

T4t oH 413 OH G5
Then .
(GMg)" JoR% (—6H)

0=
413 G*

Which can be rewritten as
(GMg)* LR?, (6 cosT)
4(gM€Ba)3/2 (QM@a(l —e?))?
3(GMg)"? J,R2
2a7/2(1 — €2)?

PQQM 1/3
- (5)

7/3
O=— BJQR% 2—7T / cos [
2(GM)2/3(1 —e2)2 \ P

O _

cos/

Considering

We have

Replacing with

e=0.74
Jo=1073
P=12h

1
cos] = —

V5

We get Q &~ —0.136 degrees per day



Problem 2: Orbits in the galactic center

The Galactic center hosts a supermassive black hole with mass of M, = 4 x 10°M,, and
a nuclear star cluster. We shall study the orbits in this environment assuming that
the cluster can be modeled using a Hernquist potential:

_ Po
P () = G ¥ s @)

a) Calculate the enclosed mass My(r) and normalize py such that My(co) = M..
Compute the potential ¢y(r).

In order to calculate the enclosed mass within an arbitrary radius, we integrate the density
pu(r) from the origin (0) to the radius r, considering spherical coordinates. Then

Mpy(r) = 47r/ 2 py (r)dr’!
0

r 7,/2 Po
=4 dr’
”/o /sy (1 + 1 s)3 "
r 7,,/
=4 !
s /0 (T+r/sp

Changing variables to u = 1 +1'/s so that du = dr’/s we have:

1+r/s -1
Mpyg(r) = 47rp03/ slu—1) s du

1 u3

1+7r/s 1 1+7r/s 1
= 41pys® / el du —/ 3 du
1 1

i 1+ —2 1+
» r/s u—? r/s
I 1 =2,

= 4npys® | —u - —
[ —1 1 1
—drpps® | 1 [ 4=
S FryPene i (_2(r/3+1)2+2)}

s [=2(r/s+1)+2(r/s+1)>+1—(r/s+ 1)
= 4mpos
2(r/s+1)?
2
—4 ____
s 2s2(r/s+1)?
Then )
2mpo 7 S
M =—
n(r) (r/s+1)2

To normalize py such that My (oo) = M, we must take the limit:



Mc = lim MH

r—00
2

.
= 2mpos lim ————
T e s+ 1)2
27 pos li -
I r2/s?2 4+ 2r/s +1
2

r
=2 li
o r2(1/s% +2/rs + 1/r?)

= 2mpps lim L
(152 24 1

= 271pys°

So
M,

Po = 9753 )

_ M. (r/s)?
My = (r/s+1)2

M,
2mrs?(r/s+1)3

and

PH =

Now we can compute the potential as:

o0 / /
_ (r'/s)*
G/ /2 //8+1 d

GMC/ o
- — T
) <r'/s+1>2

Changing variables as we did before we have:

o(r) = G ]2\/[6 %s du

8 r/s+1 U

G M, [* du

s r/s+1 u?

G M, ( 1™ >
S Ul /st1

G M, 1

T s (r/s+1)

_ GM,

 rts



b) Calculate the circular velocity v., escape velocity v. and circular orbital period
T of the potential due to both M, and the cluster. Plot their values for in the range
of r = 0.1 — 10 pc in km/s results using s = 4 pc and M, = 8M,.

We know that
_ [
N dr

ve(T)
ve(r) = V/2[é(r)]|

And
B 2rr

T(r)=

UC
The potential of our problem is the combination of the Keplerian potential due to the Black
Hole and the Hernquist potential of the cluster. Then

¢ = ¢H + ¢-
_ —GM, B GM,
o + s T
So
@ _ GM, n GM,
dr — (r+s)? r?
Then
| GMr? + GM,(s +1)?
Ve = r(s+1)?
\/ (GMC GM.)
Ve = 4 [2 +
S+r T
And

r(s+r)?
T =2
7W\/GMCT2 + GM,.(s+1)?

_ r3(s+7)2
- GM.r? + GM,(s +r)?

Plotting this values for r in the range r = 0.1 — 10pc using s = 4 pc and M. = 8M, we have:
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Figure 1: v.(r), ve(r) and T'(r) values for r in range 0.01 - 10 pc.

c) Use Gala (or Galpy) to integrate the orbits at different locations: (0.2,0,0) pc,
(0.8,0,0) pc, and (3,0,0) pc up to ty,.x = 30T each. Set the velocity to (0,0.5v.,0) and
the timestep to dt = 10737. Discuss the behavior of the orbits as we move away from
M,.

Considering the three initial conditions given above and computing both v. and T for each
initial distance from the origin we get the following orbit plots:

ry=0.2 pc ro=10.8 pc ro=3pc
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Figure 2: Orbit evolution for different locations

From the plots we can see that as we move away from M, the behavior of the orbits clearly
changes, starting with the amplitude of the movement, since the semi-major axis increases its
value. In the case with o = 0.2pc the orbit does not complete a ”full precession cycle”, while
in the other two cases we appreciate even more than one ”full precession cycle”. Then, we can
say that the closer we are from the SMBH, the slower the apsidal precession rate is. We can also
observe that the eccentricity of the orbits seems to slightly decrease as we move away from the
SMBH.


http://gala.adrian.pw/en/latest/index.html

d) Perturbation theory (again!?). Expand the Hernquist potential to first order in
r/s and orbit-average the joint potential

(9) = (o) + (Pn) (3)

using Delaunay variables. Compute the apsidal precession rate of a star w. Discuss
your results in light of the experiments in c.

We have
b = GM.
= +r
And we can rewrite this as: oM
on = —Tc(l +r/s)7
Expanding this to first order considering (1 4+ z)™' &~ 1 — z we get
GM.(r — s)
¢H = T

Then
_GM. . GM.r B GM.,

r 52 S

o=

If we take the orbit-average we have:

<@:<_%%>+<Ggw>_<Gy>
]>+GMWA_GM

~om (1) 4
T S S

From the previous unit we know that

B - (-t

and ) )
r e ae
G)=ltg = M=arg
Then we have
GM, GM. ae’ GM,
)=~ a * 2 \¢ * 2 ) s

To write this in terms of the Delaunay variables, we remember that
L=+vVGMa Gg=LV1—¢2 H=GcosI

In this case we have M = M, + M., then we can write:

o o _(9Y
‘““con M) T L



Replacing these values in the equation for (¢) we have:

: o (- ()
oo - GM, n GM, L N G(Me+M,) L GM,
sec — T B —
o 8 \G(Me+ M) 2 s
_ GPM.(M, + M) N M,L? N M,L? M,L? G\> GM,
B L2 s2(M, + M,) =~ 2s2(M, + M,) 2s2(M, + M,) \ L 5
G2M, (M, + M,) M, s o GM,
= 3L% - G?) —
L? - 2s%(M, + M,) ( ) s

Now we use Hamilton equations to compute w:

. aHsec
W = ag
Mg
 s2(M, + M,)

Replacing G = +/G(M, + M,)a(1 — €2) we have:

_MC\/G(M. + M.)a(1l — e?)
s2(My + M,)

M. |Ga(l —e?)
o2\ M, + M,

If we consider M, = 8M, then

.8 GM,a(1l — €?)
Y 3 52
This expression tell us that further away from the SMBH, the apsidal precession rate is faster,
since its value increases due to the increment in a. This result completely agrees with what we
concluded from the orbit plots for different locations. The minus sign in front of the expression

means that there is a retrograde precession, which we could have inferred from Figure 2a.
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Figure 3: Graphic representation of the problem

Problem 3: Two-body relaxation

a) Follow the steps in section 1.2.1 of BT to compute the two-body relaxation time
trelax-

We are asked to compute the two-body relaxation time, which refers to the time it takes for a
star’s orbit to be deflected by another star

In order to do this, we define two bodies: the subject star (the one that gets deflected) and
the field star (which causes the deflection). We have to estimate the amount () by which the
encounter between the two stars deflects the velocity (%) of the subject star. We assume that the
field star is stationary during the encounter and that

O]
o
v
We also take ov L v, since the accelerations parallel to v average to zero. We also assume that
the subject star passes the field star on a straight-line trajectory and we estimate the magnitude of
the velocity change (dv = |6]) by integrating the perpendicular force F'; along all the trajectory
of the subject star. We have that:
Gm? Gm?

cost)l = ———cosbH
r b2 + 22

F, =

But using Figf3] geometry, we can write

0 b b
cost) = — = ——
Then 2
m
F, = (2 + 22)3/2
By Newton’s second law we have ‘
F=mv
So
1 [e.e]
o = — / Fj_dt
m —0o0

Since the subject star moves along the x axis, x = vt, and we write
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—3/2

_Gm?

Fy 72

(5]

Replacing this in the expression for dv we get
So — Gm [ dt
v= b2 - o2 3/2
1+ (3]

Changing variables to s = vt/b so that ds = vdt/b we have

So — G_m o0 b ds
0 ) vl + s2*?
Gm [~ ds
= . _[1 N 52]3/2
_2Gm ™ ds

bv Jo [1+ 522
1
_2Gm s :/‘}
W + 11
_2Gm
b

We must notice that when dv ~ v, then our expression does not work out, since our assumption
of a straight-line trajectory breaks down. This occurs if b < by = 2Gm /v
Considering impact parameters within the range [b, b+ db], the number of encounters that the

subject star suffers while it crosses a galaxy of radius R with N stars (X = %) is given by

N 2N
Each encounter changes the velocity of the subject star by an amount 04, but these perturba-
tions are randomly oriented so at the end the average perturbation would be zero. Nevertheless,

the mean-square change in velocity is not zero:

2
Yov? ~ §v2on = (QGm) 2N

w )

Integrating this expression through all the range of b values we have:

o0 < r9Gm\? 2N Gm\? [ db
A 2 _ ) 2:/ - =8N [ — / _
v /_OO o _oo( ™ ) IE bdb = 8 (Rv) 0

Since if b < bgg our assumption of a straight-line trajectory breaks down, we set b, =
bgo. Moreover, our assumption of a homogeneous distribution field stars breaks down for impact

parameters of order R, so we set b, = R. Then
b 2
max Gm bmaz
=8N |— ) [
( Ru ) ! (bmm)

Gm\? [P db Gm\ 2
Av? =8N | — B\ i
= ( Rv ) /bmm b = ° ( Rv ) in(®) bmin
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We define:
bimaz R Rv?

A p— —_ —_———
bmin b90 2Gm
Then
2
Av? = 8N <G—m) InA
Rv

We know that the typical speed of a star is equivalent to the speed of a particle in a circular
orbit at the edge of the galaxy:

o  GNm
VSR
S0 GNm
R~ 2
And then we have
Av? =8N <£)2 InA
N
Which can be written as
Av?  8InA
w2 TN

The subject star’s orbit would be deflected by an amount Av? after each crossing of the galaxy.
The number of encounters required to Av? ~ v is given by

N

Nrelaz == 8lnA

We have to notice that

Rv? Rv?
N~ — & A=
Gm 2G'm
So given the orders of magnitude we are working with, we can say N =~ A and then
N

Nrelaz = 8Z7IN

Now, we define t..oss as the time needed for a typical star to cross the galaxy once (teross = R/v)
so that the relaxation time is given by:

0.1N

trelax = nrelaztcross =~ tcross
InN
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b) Provide with an order-of-magnitude estimate of t,.., in the Solar neighborhood,
globular clusters, and the galactic center (r ~ 0.3 pc). You can look up the typical
numbers, but just be explicit on what you assume.

e Globular Clusters
According to BT 1.1.4, Globular Clusters contain N ~ 10° stars and as can be extracted from Fig.
A, teross = 1Myr. Then replacing these values in our final expression for ¢,c,, we have:

0.1-10°
GC 5 ~ 7
trelal’ ~ —ln(105) - 10 yr = 9-10 yr

e Solar Neighborhood (Galaxy)
For the solar neighborhood we consider R ~ 10kpc and the data from Fig. [5l We assume the RMS
velocity of nearby stars to be ~ 50km/s. So that

. 10kpc
oS 50km, s~

If we assume that 1M, is the typical mass of the stars in our solar neighborhood and consider
the number of stars in our galaxy N ~ 10! then

~2-10% yr

0.1N
tfeollg; ~ Z—Ntcross ~ 8- 107 GyT
n

e Galactic Center
For the Galactic center we consider R ~ 0.3pc and v ~ 100km/ SEI Then

y . 0.3pe
e 100km s~
Again, if we assume that 1M is the typical mass of the stars we have

~3-10% yr

Rv?
N =~ am ™ 7-10°
m
; 0.1N
tf@t;é(;ctchenter - nrelaxtcross x~ mtcross ~15- 107 yr

1See circular speed curve of the galaxy on BT Fig. 2.20
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Table 1.3 Parameters of globular and open clusters

globular open
central density pg 1 x10* Mgpe™ 10 Mgpe™?
core radius 7, 1pc 1pc
half-mass radius r, 3pc 2pc
tidal radius 7 35 pc 10 pc
central velocity dispersion o9 6kms™! 0.3kms™!
crossing time r,/0g 0.5 Myr 7 Myr

(line-of-sight)

mass-to-light ratio T g 2T 1T¢
mass M 2 x 105 Mg 300 Mg
lifetime 10 Gyr 300 Myr
number in the Galaxy 150 10°

NOTES: Values for globular clusters are medians from the compilation of Harris
(1996). Values for open clusters are from Figure 8.5, Piskunov et al. (2007),
and other sources.

Figure 4: Parameters of globular and open clusters from BT

Problem 4: Orbits in the Solar Neighborhood

We shall assume a simple model for the stellar disk in our galaxy following Miyamoto
& Nagai:
GM
VR (a+ VTR

with M = 6.8 x 101°M,, a = 3 kpc and b = 280 pd’}

We place the guiding center at R, = 8 kpc and study the motion of stars, including
our Sun, in its vicinity using the epicyclic approximation.

a) Solve for the motion of the guiding center and compute Q(R,), L, and the circular

1
2y _ L (00
=7 (aR)<R,O>

¢MN(R, Z) = (4>

velocity vge in km s™.
We know that

Given our potential we have

(7)o \ o
OR) OB\ R 1 (0t VET P
GM
= 3/2211%
2(R*+ (a+ \/m)Q)
GMR

(B2 + (a+ V224 922)"?

2gp.MiyamotoNagaiPotential(m=6.8E10*u.Msun, a=3*u.kpc, b=280*u.pc,units=galactic)
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Table 1.2 Properties of the Galaxy

Global properties:

disk scale length Rq4 (2.5+0.5) kpc
disk luminosity (25£1) x 100 L
bulge luminosity (542) x 10°Le
total luminosity (3.0+£1) x 1010 Ly
disk mass (4.540.5) x 101 Mg
bulge mass (4.5 £1.5) x 10° Mg
dark halo mass (2 ffs) x 1012 Mg
dark halo half-mass radius (100 tlgooo) kpce
disk mass-to-light ratio Tg (1.8+£0.7)Yg
total mass-to-light ratio Y (70 tlﬁof)"r@
black-hole mass (3.9+£0.3) x 10 M,
Hubble type Sbe
Solar neighborhood properties:
solar radius Ry (8.0+0.5) kpe
circular speed v (220 +20) kms™*
angular speed: from v /Ry (27.5 4 3) kms ! kpc ™!
from Sgr A* (29.5+0.2) kms™ ' kpe™*
disk density pg (0.09 % 0.01) Mg pc®
disk surface density Yo (49 £ 6) Mg pc2
disk thickness X/ po 500 pc
scale height z4 (old stars) 300 pc
rotation period 27/ (220 £ 30) Myr
vertical frequency vy = /4wGpg (23£0.1) x 1071 Hz
= (70 £4) kms ' kpc !
vertical period 27/vg 87 Myr
Oort’s A constant (14.8 4 0.8) kms ' kpc™*
Oort’s B constant —(12.440.6) kms™? kpe ™!
epicycle frequency ko = /—4B(A — B) (37 + 3)kms ' kpc ™'
radial dispersion of old stars (38 £ 2)kms™!
vertical dispersion of old stars (19 £ 2)kms™!
RMS velocity of old stars (50 £ 3) kms~?
escape speed ve(Rp) (550 & 50) kms~!

NOTES: See §2.7 and §§10.1 and 10.3 of BM for more detail. Luminosities are
in the R band at A = 660nm. The halo mass and half-mass radius are taken
from Wilkinson & Evans (1999). The angular speed of the central black hole (Sgr
A*) relative to an extragalactic frame is from Reid & Brunthaler (2004). The
density in the midplane of the disk, pg, and the surface density ¥ are taken from
Table 1.1. The scale height z4 is defined by equation (1.10). The RMS velocity of
old stars is the square root of the sum of the squared dispersions along the three
principal axes of the velocity-dispersion tensor (BM Table 10.2). Escape speed is
from Smith et al. (2007)

Figure 5: Parameters for the solar neighborhood from BT
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Replacing with R = R, and z = 0 we get

1 GMR
QQ(RQ) = R_ ? 3/2
9 (R2 + (a +b)?)
and then
GM
Q(RQ) = 3/2
(R2+ (a+10)?)

On the other hand we know

99
L?> = R? (—) = R* Q(R)?
IR ) po)

So replacing with R = R, we have

GMR!
(R2+ (a+10)?)

3/2

Finally,
ve =QR)R

so that

GM
v = R, 37
(Rg + (a + b)?)

Using the values given above (R, = 8 kpc, M = 6.8 - 10'°M,, a = 3 kpc and b = 280 pc) we
have:

Q(R,) =6.89-10710 57!
L.=42-10" km? s7' =1.39 pc? yr™!
v, = 170.17 km s~

b) Integrate the motion of the guiding center using Gala for one azimuthal period
T, =21 /Q(R,). Check that the motion is indeed circular.

In order to integrate the motion of the guiding center using Gala, we need to define initial
conditions. We know that the distance is R = Ry, so we can set the initial position as (Ry,0,0).
At this position in the orbit we know that the initial velocity must be (0, v.,0). Then, we integrate
for Ty = 2w /Q(R,) = 288.83 Myr and we obtain the orbit showed in Figure [ which clearly
indicates that the motion is indeed circular.
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Figure 6: Integrated orbit for one azimuthal period considering R = R,

c) Find the epicyclic frequency « and vertical frequency v at R,.
We know that according to Eq. (3.79a) of BT

92 3 (00
(), 4
! OR? ) (r,0)  Bg \OR/ (g o)

926
- (2)
! 922 ) (r, 0)

9 GMR N 3GM
~ OR \(R%+ (a+b)2)3/2 (R?+ (a+b)2)32 | g
GM __ 3GMR 3GM
(R4 (a+0)2)%2  (R?+ (a+b)2)>2  (R?+ (a+0)?)3/?
_ GM (4(a+0)* + R2)
(R2 + (a+Db)2)5/2

and Eq. (3.79b)

then we have

HQ(RQ)

R=R,

and

V2(R):2 GMz (a+ V22 + b?)
0z (R2+ (a+ VR B2)2)32 /(22 4+ b)
GM(a+b)
b (R2+ (a+b)?)32

z=0

Evaluating both expressions we obtain:

k(R,) = 8.248 -1071% 571
v(R,) =2.359-107" 57!
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d) We shall compare the results from the epicyclic approximation with direct in-
tegrations. To do this integrate the orbits with Gala setting R = R, and 2z = 100 pc,
and velocities v, = 5 km s~ !, Uy = Veirc, and v, = 0. Use cylindrical coordinates to plot
the motion®l.

Compare with the epicyclic motion © = R — R, = zgsin(xt) and z = z,cos(vt) with
2o = 100 pc. Set zy to match the integration results.

Integrating the orbits as defined above, we get the blue curve on Fig. [7] If we compare this
result with the epicyclic motion considering xy = 0.2 kpc so that integration results match with
the epicyclic approximation, we obtain the orange curve.

-— gala
epicyclic

0.100

NN

0.075

0.050

0025

z [kpe]

0.000

—0.025

—0.050

—0.075

=0.100

?éS TéD TIQS B.(I]O B.f:JS B.i.O B.I].S B.éﬂ
r tkpc]
Figure 7: Comparison between epicyclic approximation and direct integrations of the orbit considering
vy = bkms!

We can notice that both curves differs from each other mainly on the radial axis, since the
epicyclic motion yields a broader range of r values in relation to direct integration’s orbit, which is
also a little asymmetric. Nevertheless, we can state that the epicyclic approximation works pretty
fine in this case.

e) Repeat the integration in (d) but setting v, = 200 km s™'.
mation work here? Comment.

If we change the initial velocity on the x axis, then the relation between direct integrations and
the epicyclic approximation changes drastically as we can see on Fig.

Would the approxi-

3fig = orbit.represent_as(’cylindrical’).plot(['tho’, 'z])

18



010 — gala

epicyclic

0.05

0.00

—0.05

=0.10

-0.15

—0.20

-0.25

bt 5 0 = B B 10 £ 50
r Ikpel

Figure 8: Comparison between epicyclic approximation and direct integrations of the orbit considering
vy = 200kms!

We can attribute this difference between both resulting orbits to the initial velocity that we
considered, since it must be higher than the escape velocity for this particular potential. This
means that the star is no longer bounded to the galaxy, which explains the shape of the orbit
obtained with Gala. In fact, if we compute the escape velocity we have:

o|_ GM
VR (a+ VET )

And the initial velocity we considered was

vo = (/v +v2 ~ 263 km s

which is slightly higher than the escape velocity.

~ 260 km s

Ve = 2|¢| =
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Problem 5: razor-thin disk

Compute the potential ® of a razor-thin disk with surface density ¥ at z = 0.
In order to compute the potential of a razor-thin disk with surface density X at z = 0, we can

use Gauss’s theorem
47TG/ dPxp = / d*S -V
1% s

Where we can consider the density as

p(R, z) = X(R)((2)

To evaluate the integrals, we need to picture a Gaussian surface. For example, we can take a
cylinder of height h, radius R and basal area A. If we consider a razor-thin disk, making h — 0,
then we have

p(R,0) = 5(R)
and then
47rG/d3xp:47rG/Z(R)Rde¢

Since we know that the surface density is constant, the left side of our expression becomes
47TG/d3xp =4rGXA

On the other hand, for the integral of the right side of our expression we have to integrate over
the surface of our cylinder, which, when taking h — 0, translates into:

— AV¢

2=0*

/dQS-V¢: AV

2=0"

Our potential is chosen such that it is axisymmetric and does not depend on z, so we can say

that the contribution to the surface integrand at constant R cancel each other (or that g—ﬁ — 0

when evaluating over z). Therefore, we have

/dQS-ng:A% — @ :2A%
0z z=0% 0z z=0" 0z z=0
And then equating both sides we find
2A % =4rGXA
0z|,_g
% = 21GY
0z|,_,

Integrating over z we obtain

|p| =2nGXz 4+ C
¢ =21GE|z| + C
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Problem 6: radial vs azimuthal period

Using the epicycle approximation, prove that the azimuthal angles Ay between suc-
cessive pericenters lies in the range 7 < ¢ < 27 in the gravitational field arising from
any spherical mass distribution in which the density decreases outwards.

We know that the azimuthal period can be expressed as

2T

T, =—"="T,
Y AY]
And that using the epicycle approximation we found
2m 2
T.=— ; Ty=—
r K ) P 0
Then, we can express the azimuthal angles A¢ as
Q
AY| = 27
K
where e
43
R \dR (R.0)
d?
(R) = R—— + 402
K(R) = R—m +

If the density decreases outwards then
p(R) =0 if R— o0
A density distribution function that satisfy this is

p(R) = poR™“

With « € [0, 3], since otherwise the mass enclosed within a radius r diverges at large r. The
limit case a« — 3 corresponds to a Keplerian Potential.

We can obtain the corresponding potential using Poisson’s equation, considering a spherically
symmetric potential (¢ = ¢(R))

V2p = 4nGp

0%¢ a

@ = 47TGp0R

R—a+2
=47
¢ T po(—(x+2)(—a—i—1)
Then
¢ x R2fa

so that

QP oc(2—a)R
K2 ox —a2—a)R*+42—-a)R*=(2—-a)(4—a)R™™
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and

Q 1
k Vd—a

Now, we must constrain our potential. We know that far away from the center of the mass
distribution, the potential could be approximated by a Keplerian potential, such that o = 3 and
then % = 1. On the other hand, we know that near the center the circular speed should increase
approximately linearly with radius (v. = R (R)), which means that the circular frequency must
remain almost constant. In our case, this implies that @ — 0 and then % — % Considering these

boundary conditions, we have

T <|AY| <27
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Problem 7: epicyclic frequencies

Compute the ratio «/S) for:
From BT 3.2.3 we know

1 (96
o4 (5
(R) R \dR (R.0)

d$?
2(R) = R=— + 407
w(R) = R—m o+

Then:

e the Keplerian potential ¢ o« R~! In this case we have

¢=cR!
Then
O*(R) = —cR™®
And
k*(R) = 3cR™® —4cR™® = —cR™®
So -
q- 1
e the spherical harmonic ¢ o R? Here
Q*(R) = 2¢
And
k*(R) = 8¢
So -
a- 2
e a flat rotation curve ¢ x In R
Finally for a flat rotation curve we have
Q*(R) = cR™*
And
k*(R) = —2cR™% + 4cR—2 = 2cR*
So

K
— =v2=~141
Q V2

As seen in class, the ration /€ for our Solar neighborhood is

Ko
— =1.35+0.05
Qo

So the flat rotation curve potential is the one that fits best the motion in our Solar neigh-
borhood.
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Problem 8: Eddington’s Formula & Jeans theorem

We shall derive the distribution function for the Plummer potential step by step and
compute the dispersion velocity.

a) First, compute the density v = p/M as a function of ¥V = —¢ and calculate
d2v
102 (5)
We know that for the Plummer model we have
GM
= ——— 6
¢ r2 4 b2 ©)
and 5o
3M 2\~
ptr) = 25 (1475 7)
Then in this case oM
V=" _ 8
A /7"2 + b2 ( )

We need to express p(r) as a function of ¥. From Eq. [§f we know

GM\?
2 12
T_(_\Il) b

Replacing this into Eq. [7] we have:

Then

And we have




So

d*v 15032

dv?  7(GM)>
b) Use Equation 4.46b in BT to compute the distribution function fp(€) where
& = U —v?/2. Note that the result could be generalized for polytropic models (see Eq.

4.83 of BT)
The equation 4.46b in BT is:

Given that

1 £ dv v 1 [dv
fr(€) = =t —7= 7
VB2 | Jo VE—WAY?  ENAY ] 4y,
(dy) _15\1/4( b )5 0
AV ) 4_g  Anb® \GM ) |y_,

Fo(E) = 1 /5 v d*v
DT B Sy VE—waw?

We have

Replacing % we get
156 £ widw

T VBB(GM)Y Sy VE-T

fr(€)

Solving the integral with Wolfram

1 32872 24V2 2
CVBm(GM)y 35 Tr (GM)

fp(€) g

We can notice that this result could be written as fp(€) = FE"/2. Following Eq. 4.83 of BT and
noting that the density previously calculated rises as v oc U, then we can write fp(€) = FE>3/2,
We can also note that if ¥ < 0, then v < 0, which has no sense in our problem. Also if ¥ < 0,
&€ < 0, then we can generalize our result for polytropic models as

FE32 (£ >0)
fr(€) =
0 (€ <0)

c) Calculate the velocity dispersion o:

1 oo
ol = —/ 4rvtdvf(r,v).

v(r) Jo

Use the Jeans theorem to independently compute ¢?. Compare your results.

We have .
_p 3 Wb
V) =37 = T <GM)

242 1?
f(&) = T3 (GM)557/2

And
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Knowing that

v
— \IJ _ —
£ 2
We can rewrite /3 ”
244/2  1? v?
) = 2 (V-
3 (GM) 2
So that
2_4m3(M45/ﬁﬂ1&M¢§ AN
=3 \w ) ), 7TV e (GMy 2
V22U 2\ 7/2
1282
= 8—\/_ oL dv
s/, 2
1282 7700
T 2564/2
_ GM
2vr2 + b2
If 02 = 0 = 0}, then 0® = 307 and we have
M
ol = ¢

" 6Vr2+ b2

While with Jeans theorem the procedure is much simpler. From Eq. 4.216 of BT we have

1 o0 dd
2 1,123 ANl
o; = —TQBV(T) /T dr'r“Pu(r >dr’

And given our potential we know

dd B GMr

dr— (r2+2)32

We need to express v(V) as v(r), so:

3 b °
v(r) = —
473 r2 —+ b2
And then considering 5 = 0:

1 > dd
— —)/ dr'v(r’)

v(r dr’
5

Ay (VR /mm%B b \°  GMy
I b N \ Vi) (2 + 2)

v (virrw) [ — e
n (T—*—)/T (r/2+bz)4r

50001

— 2 2

GM (\/7‘ —I—b) 607 1 1)
GM

6772 + b2
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Which is the same result we obtained above.
d) Let us assume that there is a intermediate-mass black hole of mass Mgy in

the center of the globular cluster (i.e., Plummer potential). Compute the resulting

dispersion velocity using the Jeans theoremﬂ
Assuming that there is a black hole in the center of the globular cluster, we can compute the

resulting dispersion velocity as:

9 1 / GMenc(r)V(r)dr,

0, = I/(T) 742

Given that for Plummer potential

M3

Menc(r> = (T,Q + bg)g/g

If we include the mass of the black hole we havd

dr’

,_ G (g + Misian ) v()
),

v(r 7’2

5
_ AnGY (V24 ? /°° Mr? 3 b 5d_7“'+/°°M ’ N U
-3 b . P EPREp \Vizre) ), TP e \ V)

\/ﬁ5 - r / > 1 5 dr!

GM 30" 4 4b%r (3r — 202 + 1r2) + 8r3(r — Vb2 4 12)
= ——=+GMusn 672 L 3
612 + b2 357 (b + r2)

4The case with the Hernquist potential is done Equation 4.128 of BT

5The number density v(r) remains the same as before without the IMBH because it corresponds to the stellar
mass density. The IMBH is not part of the stellar mass density that remains in colisionless equilibria. In fact, the
IMBH is not allowed to move in this simple treatment, but it only provides with a source of radial acceleration (i.e.,

do/dr = GMenc(r)/7?).
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Problem 9: Toomre’s criterion

a) In classes we saw that that axi-symmetric disturbances in a disk of the form
exp(—i[wt + k - x]) in follow a dispersion relation given by:

w? = K? — 27GY|k| + v2k?

Derive the Toomre () dimensionless parameter to define a stable system. (Hint:
find the most unstable wavenumber |k| and impose stability in this worst-case sce-
nario).

Given the dispersion relation we notice that if w? > 0, then w is real and the disk is stable;
while if w? < 0 then w = %ip and the perturbation’s amplitude would grow exponentially and the
disk would be unstable. Then, stability in the worst-case scenario would be when |k| = |kqi| so
that w? = 0:

21GY £ /(27GY)? — 4v2k2

I{Q — 27TGE|I{3| + U§k2 =0 = |kcrit| -
202

Since k is the wave number, then it must be real, so:

2,2
viK

oG !

(2rGY)? —4?k* >0 =
So we can define the Toomre () dimensionless parameter to define the stability of the system,

which is stable if:
VK

@= TG
b) Assuming that a disk has a sound speed v, = 1 km/s (R/lau)™%° derive the critical
density profile ¥.(R) such that the disk has Q(R) = 1. Disk with ¥ > ¥. would be
unstable to fragmentation. Assume that the central star has one Solar mass.
If the disk has Q(R) = 1, then

>1

VK
Yo =
TG
In this case we can take
_0- GM
TN R

And so

ve |[GM vy | M
EC(R):WG B 7 VGRS

If the central star has M = M, and the disk’s sound speed is vy = 1km/s (R/1au)™*® then

Me oy [lau Mg -1 1/2
Y(R) = “G’R?’ﬂ? km s \/ 7 =\ GRine km s~ (au)"

c) [2 points] How much mass is enclosed between 1 au and 10 au?
To find the enclosed mass, we integrate the density profile:

M = / Se(R)RAR
28



Considering our previous result and a circular flat disk we have

10 au M. M. 10 au
Menciosed = 27T/1 N \/ GRfﬂ km s~ (au)'/?RdR = 214/ G_f? /1 N RYR km s~ (au)"/?

Then
| M, 10
Menclosed =2 _®ln - km S_l(au)1/2 ~ 0155M®
G 1 au
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Problem 10: Waves in weak bars

We shall complete the steps in section 3.3.3 to

compute the motions of perturbations

due to a weak bar. The treatment is reminiscent of the epicycle theory of nearly

circular orbits.
a) From the Lagrangian in 3.134 in a rotatin

g frame derive the equations of motion

for R and ¢ (Egs. 3.142a,b). Lay out the assumptions of the perturbative approach

clearly.

From 3.134 we have 1

L= %RQ + Z[R(@+ Q)] — ©(R, p)

2
We know from Euler-Lagrange equation
oL _d (ot
OR  dt \OR
Where in this case Y 90
- = ; 2 R —
or ~ TP+ = 5h
and d (0L
6
dt \OR
So
- 0P
= o+ 0O)2— =
B=Rig+2) - o2 )
On the other hand,
oL _d (oc
dp  dt \9p
Where
o _ oo
o dp
and d(oc\ d
(=) = Z (R%(Hp+Q
dt (agb) g 6+ 0))
So
d , o, . 0P
- - 1
o (R (o + Qb)) 90 (10)

Considering a weak bar, we can apply perturbation theory so that we can write

D(R, p) = Do(R) + 1(R, p)

So that
o0 _dv, 0o,
OR  dR OR
0v _ om
do Oy
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We also can express our variables as

R(t) = Ry + Ry (t)

Then
R=R,
R — Rl
© = @+ ¢1
Replacing all this on Eq. [0] we have
.. dd 0d
_ g2 (R 0%
Ry = (Ro + Ri(t)) (6o + ¢1 + ) R R
dd oo
_ . . \2 . 0 2 %o Y1
Ro((60 + ) + ¢1)” + Ri(t) (b0 + ) + 1) iR OR
. 2 . . .92 . . 2 dq)() a(bl
= Ro(bo + Q)" + 2Rop1 (B0 + Q) + Rop1™ + Ra(t) (Lo + p1 + Q)" — TR R
. 2 dq)() . . .2 . . 2 a(I)l
= | Ro(Bo + )" — r| T 2Rop1(Po + ) + Ropr” + Ri(t)(Bo + o1 + Q)™ — R

Where we separated zeroth-order terms from higher order terms. If we require that zeroth-order
terms sum to zero we get

dd
. 2 _0
Ralgo+ 0 = (G2 (1)
0
And 5%
Ry = 2Ro$1 (0 + ) + Rogr® + R (1) (G0 + 61 + ) — 8_}%1 (12)
On the other hand, for Eq. [10] we have
d 0P,
— ((Ro + Ri(1)* (0 + 61 + ) = ———
dt(( o+ Ri(1)* (%o + @1 + ) Do
; . . . . : 0P
2R (Ro + Ri(t))(%0 + 1+ Q) + (Ro + Ri(1))* (b0 + 41 + ) = _6_4;

Expanding the left-hand side of the expression, we get that the only zeroth-order term is &y R3,
which means ¢y = 0 = ¢y = constant if we consider the same requirement as before. Or expression
then becomes

2R (Ro + Ri(t)) (G0 + b1 + Q) + (Ro + Ri (1)) (41 + D) = ——— (13)

From Eq. we can say

1 (dd,
0+ Q=24 — [ —
Yo + 2 Ro(dR>RO

1 [dd,
+./—(=2) =Q(R) =0
RO(dR)RO (Fo) = 2

And we notice that
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So we have
B = Qo —

We can choose the origin of time such that
(,00(25) = (QO — Qb)t

Rewriting Eqs. [12] and [13]in terms of £y we have

; . . . oD
Ry = 2Ro$1 + Rogr” + Ri(8)(Q0 + ¢1)* — a_Rl
And 90
2R (Ry + Ri(£))(Q + ¢1) + (Ro + Ri ()2 (g1 + o) = -8—@1

So finally, if we consider quadratic first-order terms as 0 and recall that R = Ry + Ry, then we
have

dR2 OR

. Ry 1 (09,
20— = —— [ L
s = (52),

. d?® 0P
Ry + ( > — QQ) Ry — 2RoQopr = — ( 1)
Ro RO

b) Assume that the bar potential is given by ®; = ®,(R) cos(mep) with ¢(t) = po+p1 =
(Q—Qp)t+¢1 and ¢ < 1 and integrate the equations of motion to solve for R;(t). Where
are the radial perturbations greatest?

We have

O = Oy(R) cos(my)

where
o(t) = o1+ 02 = (Qo — W)t + 1

If we assume ¢, < 1, then we have

p(t) = (o — )t

So that
Oy = Oy(R) cos(m(Qy — Qp)t)
Then
0P do
8_R1 = d_Rb cos(m(Qy — 2p)1)
0P,

Replacing these results in our equations of motion we get

. (2D do
Bt (Gpe-9) Rt =~ () costm(@— ule) (1)
N dR ) .

dR?
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Rl m(I)b(Ro)

Integrating Eq. [15] in time we have
P
= —290& - o(Fo) cos(m(Qo — Qp)t) +C

Ry  R3(Q0— )
Where C is a constant of integration. Replacing this into Eq. we obtain

- (%)R cos(m(Q — 1) =

.. dQCI)O Ry Cbb(RO)
— Q2 — 2Ry | 20— — ———~—— Qo — )t
R1+ <dR2 )RO Rl Ro 0 < ORO Rg(QO—Qb) cos(m( 0 b) )+C

Reorganizing terms
dd,, n 2Q9,(Ry)
dR  Ro(Q — )

ad, 20,
+
dR " R(Q— )

R
R1+( “—92) Rl+4R193:—[
Ro

cos(m(Qy — Qp)t) +C
dR? ] Ro

(16)

Rl + Ii[)Rl = — |: :| COS(m(QQ - Qb)t) + C
Ry

Where

d2®, ,
Rg = (dR2 +3Q)

Eq. [9is the equation of motion of a harmonic oscillator of natural frequency ko that is driven
at frequency m(y — €2p). The general solution to this equation is
dd, N 2Q9, cos[m (o — Q)]
dR ~ R(Q— W), A

Ro

(17)

Ry (t) = Cy cos(kot + ) — [

Where C] and « are arbitrary constants and
A=k —m?(Qy — )?
Using that oo (t) = (20 — )t we find

Ri(p9) = Ci cos Al + a | + Cy cos(mepy)
Qo —

Where

A

The perturbation is greatest when A — 0. This occurs at the Lindblad resonances

1 [dd, 200,
Oy ——
2 [dR +R(Q—Qb)LO

kg =m?(Qo — )%

c) Recalling the motion from the epicycle theory, depict the motion for m = 2. Is
the orbit closed? Ignore the free oscillations (i.e., set C; =0).
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If C1 =0 and m = 2 then R;(¢) becomes periodic in ¢y with period 27/2 = 7, so that
Rl (SOO) = 02 COS(Q(QO — Qb)t)

This correspond to two radial oscillations per one azimuthal period. Recalling that the radial
coordinate is R = Ry + Ry(t), the resulting orbit is a large circle with an over imposed m = 2
lobe. For Ry < Ry, the shape will be close to an ellipse centered at the origin. Recall from class
that this is exactly what we wanted to beat the winding problem and produce nested ellipses that
produce long-lived spirals.
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Problem 11: Co-rotation and Lindblad resonances

We shall assume a simple model for the stellar disk in our galaxy following Miyamoto
& Nagai:

GM
\/R2 + (a+ V22 + b2)2

with M = 6.8 x 101°M,, a = 3 kpc and b = 280 pc.
a) Plot Q(R), Q(R) — k(R)/2 and Q(R) + k(R)/2 in the range 1 — 20 kpc. Show your
results in km/s/kpc. Which one decays more slowly with radius?

From HW6 know that
M
AUR) = ||
(R?+ (a+b)?)

() = \/GM(4(a +b)? + R2)

onn(R,z) = (18)

(R2 4 (a +0)2)5/2
Then evaluating and plotting in Python we have

175

—— QR)
150 Q(R) — k(R)/2
Q(R) + k(R)/2

= =
=)
] ] &

Frequency (km/s/kpc)
8

25

25 50 75 0.0 125 150 175 200

R (kpc)

Figure 9: Frequencies as a function of R in the range 1-20 kpc

We can notice that Q(R) — xk(R)/2 initialy grows and then remains almost constant, decaying
more slowly with radius than the other quantities.
b) Assuming that our Galaxy has a bar that rotates at a pattern speed 2, = 10

km/s/kpc, which resonances are present in the range 1 — 20 kpc and where? Repeat
for Q, =40 km/s/kpc.
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Figure 10: Frequencies as a function of R in the range 1-20 kpc along with a magenta line representing
0,

From Fig. we notice that a corotation resonance can be found at R ~ 14 kpc, since
Qp = Q(R) at that point. We also note that Qp = Q(R) — k(R)/2 at R ~ 2.5 kpc and R ~ 6.8
kpc, which indicates the presence of an inner m = 2 Lindblad resonance at those locations. On

the other hand, at R ~ 19 kpc we find Qp = Q(R) + k(R)/2, corresponding to an outer m = 2
Lindblad resonance.

175 -
— Q(R)
150 —— ((R)—k(R)/2

= — Q(R) + k(R)/2
f{ 125 Qp =40 km/s/kpc
S
T
S
& 100
Y4
o 71
o
Q
3
o 09
Q
_
C
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ﬁ-

25 5.0 75 12.5 15.0 175 200

100
R (kpc)
Figure 11: Frequencies as a function of R in the range 1-20 kpc along with a magenta line representing

Q2
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In this case we notice that Qp = Q(R) at R ~ 4.8 kpc, where we can find a corotation resonance.
Also at R ~ 7.3 kpc we have Qp = Q(R) + x(R)/2, which means that an outer m = 2 Lindblad
resonance is present.
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Problem 12: Spherical Stellar System

We shall consider the motion of stars in the Galactic center. For simplicity we model
the cluster as a uniform density sphere of mass M, and radius a:

{ M

4mas

pe(r) = 0 r>a

At the center, there is a super-massive black hole of mass M,. Only consider the
dynamics inside the cluster (r < a) in your arguments.

a. Compute the enclosed mass M (r) and the circular velocity V.(r).

We know that for the cluster

Me,w:/ 4r2p(r')dr’
0

Then,

3M. [
s

dra® ),
_3MC7“3

T a® 3

- (2)

Where r < a. Adding the mass of the black hole we have

rnZdr/

Menc =4

r\3
Menc(r) = Mc <_> + Mo
a

And the circular velocity is given by

GM (r)

ve(r) = .

<5 (o0 ) o)

\/ GM.r?2 GM,
= +

a3 r

b. Assuming colisionless equilibria, calculate the radial dispersion of velocities

o%(r). What is the velocity dispersion o7

T
If we assume colisionless equilibria we can compute the radial dispersion of velocities using

Jeans theorem: . . ,
9 1 / GMenc<T )V(T )dT'/

0, = I/(T) 2

Given our density we have




Then

o 3 r? 47ra3dr/
= G/TOO (MCZ_; ]7\0//[2.) dr’
Since we set r < a we have
o’ Gcf\jc Ta "+ GM, ra %dr'
GM.r*|" -1/
7| TOMT|

GM, (a*> r? 1 1
— L M, [=—=
ad < 2 2 ) = <7“ a)
M, 2 1 1
=0l () ()
2a a rooa
And given the symmetry of our problem, o = 302
c. Calculate the azimuthal frequency Q(r) and the epicyclic frequency x(r). What

is the range of x/Q2? Assume that M, < M,
We know that

Then

From the epicyclic approximation we have

2
K (r) = r%i + 402

So in this case

K> =r

(GM GM) <GMC GM.>
+ +4 +

a3 r3 a3 r3

GM,. GM,
a3 + 73

M GM n 4H M,

9
"or
3G

a3 r3

GM. GM,

=— +4 3

r a

So

GM, GM,
K = — td—
r a
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And

K
R
Q
If M, < M, then
K
9
Q
Finally
1<£<2
- Q

. Find the locations where the orbits close. Depict an orbit at these locations.
The orbits close if

K n
QO m
And then for the orbits to close
M, M,
R R
m?2 Mo Mc Cﬂfg +1
B a3
Where we defined
d C M.
r=— an =
a M.

Then the locations are given by

n*(Ca® +1) = m*(Ca® + 4)

Cz*(n® — m?) = 4m? — n?
4m? — n? 1/3
T (C<n2 —m2>)

We could depict the orbits similar to Fig. 6.10 of BT:
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n=2, m=1

n=3, m=2

Figure 12: Closed orbits

41



Problem 13: Disk Dynamics

We shall model our Galaxy with a logarithmic potential
V2
¢(R) = 70 In(R? + R* + 2%/¢°). (19)

a. Find the circular velocity at z = 0. What’s it value at R > R. and how it
compares its behavior with that of our Galaxy?

We know that
¢
vel ) =\ Rap

For our logarithmic potential we have

9% __ RW
OR R+ R +%
With 2z =0,
RQ%z
v =\ e
For R > R,,

| R?V§
/UC(R) = R20 =W

Which indicates a constant circular speed, consistent with the behaviour of our galaxy.
b. Compute Q+£/2 and find the pattern speeds Qiyner and Qquier Such that the inner
and outer Linblad resonances lie at R = R, respectively.

We know that
/1 09
0=/
ROR

W
R+ R+ %

Then

On the other hand,

002
2= R—— 4+ 40?
K R +

2 2
RQZRQ V—02 +4 V—02
OR\RZ+R*+ % RE+ R+ 5

—2R2\/2 2
(R+r+2) \R+R+5

So in this case

g L 2R
R+ R+ % R+ R +%
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If we take R = R, and z = 0 then

QiE:Liﬁ\/?
2 V2R, 2R.V?2

Qinner - Vb 1— ﬁ
ReV?2

Qoute'r - Vb 1+ ig
ReV?2 2

c. Find ¢ such that the stars around R = R. complete 2 cycles in the z direction
per azimuthal oscillation. (Hint: compute T, = 27/v)
First we need to compute v, and we know

So that

L
022
Then
o (0V? 22
2 O [0V 2 2 |
V= (8,2 5 ln(RC—i-R +q2)>
_ 0 Vi 22/¢?
0z

2(R2+ R+ %)

I
0z \ R+ R+

% 1 2 2z/q*

2 2 2 4 22 2
T\ e (Rrez)

B Vi 1 222
 @(R?+ R?) + 22 ¢*(R2 + R?) + 22

Considering R = R. and z = 0 we have

1%
VA(R) = 0
(R) V2R
From part b. we know
V2
Q2 0

e

Then for R = R, and z = 0.
0% = Vo

= 757
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so that

Q
_:q
14

Considering that

2 2
To = — 8
¢TI0

Then if the stars complete 2 cycles in the z direction per azimuthal oscillation,

T, 1 N Q 1
To 2 v 2
And so ¢ = 1/2 satisfies the condition.
d. We evaluate possible fragmentation of the disk at R = R.. For simplicity we

consider that ¢ = 1/v/2 so that Eq. 2.71c of BT for the density becomes

32 R = 312
- ¢ d Sp = [ dep(z) = 2
pl2) 871G (R2 + 22)? a 5. /_Oo 20(2) 16GR, (20)

Compute 02 at z = (0 using Jeans Equations (analogous to radial equilibria, Eq.

4.223). Then, using that 0y = 0, compute the Toomre parameter of the disk.
From Eq. 4.223, considering z=0, we have

g 1 0 By
2 . - / nYY
: p<z:o>/0 ap(=) 5"

V3
plz=0)= 8rGR?

We know that

And at R = R, with ¢ = 1/\/5
d9 2V
0z 2R%+ 222
So

5 _ STGR: /°° 3V R2
2 3VE Jy 8mG(R2+22)2 RZ4 27

e e] /
472 <
=R |

1 o
50 7/ B R ——
o ( 4<R2+22>20)
Vi
y

And then o, = og = Vj/2, so that using Eq. 6.71 (seen in class) and the previous result for x

we have:
Vo 3 Vo
opk 2 §R_616GRC_\/§ 8
V2

©=33665 ~ 336G 312 336-3
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Problem 14: Relaxation

We shall estimate the probability that a star crosses a globular cluster of radius R..
The star is ”launched” at a distance R from the cluster with a velocity v pointing
towards the center of the cluster. Its velocity is much greater than the random
motions of the background stars, so you may assume that the relative velocities are
simply v. Keep your solutions at the order-of-magnitude level (ignore 2, 7, etc..)

a. Estimate the change in vertical velocity v, when passing a star of mass m with
closest approach b.

At closest approach

P~ G]lgm
From Newton’s second law,
F = mdd%
So that
oV, = ﬂét
m

r = vt
SO
ox = vét
In this case dx ~ b so 0t ~ % and then
GM
5UJ_ ~ —
bv

b. Estimate the rms orthogonal velocity v,,,s = /< vi > once it reaches the cluster.
Assume a constant number density n.
The number of encounters that our star suffers on its way to the cluster are given by

0N = density number of stars x dV
We could consider that our star moves within a cylinder of height R and radius b, so that

ON=nx2rbdb R

Then
() = / 502 6N
00 2
= / (G—M> n2r bdb R
oo \ DU
2 e’}
v o b
2
= (G—M) n2r R In (bmax)
v bmzn

45




Where bpqp = R and by, = b90]. Finally,

G R

1
Vrms = <Ui> =V2mnR T 5 In (b_go)

Considering just the order of magnitude of our result we have

GM

(%

(nR)l/Q

VUrms =

c. Provide with a condition on the initial velocity v so that star has a significant
probability of crossing the cluster.
We know that, in total, the star will be deflected from its trajectory by

ARJ_ = Urms tcross

where teppss = —

So that
M
AR, = G_(nR)WE
v
= —GJQW ni3
v

If we want the star to cross the cluster, then we need AR, < R, so
GM
5 Vv TLR3 § RC
v

And finally
GM

R,

(nR3)1/4
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